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Abstract 
We discover the spiral property of the q-derangement numbers arising from q-counting of 
derangements by the major index. The spiral property implies that the polynomial is unimodal 
and the maximum coefficient appears exactly in the middle, which confirms a conjecture of Chen 
and Rota. 
Let Dn(q) denote the q-derangement umbers for the major index; Dn(q) has the 
following expression [1,3,4]: 
Dn(q) = [n]! ~ (-1)kq(~) 
1 
[k]~ ' 
k=O 
where [n] = 1 + q + q2 +. . .  + qn-I and [n]! = [1] [2] ... [n]. 
Chen and Rota [1] have shown the unimodality of Dn(q) and posed the following 
conjecture: the maximum coefficient of Dn(q) appears in the middle of the polynomial, 
namely the coefficient of q Fn(n-1)/4], where rx~ is the usual notation for the smallest 
integer not less than x. The polynomials Dn(q) are listed in [1] for n ~< 8: 
Dl(q) = 0, 
Oz(q) = q, 
D3(q) = q + q2, 
D4(q) = q + 2q 2 + 2q 3 + 2q 4 + q5 + q6, 
Ds(q)  = q + 3q 2 + 5q 3 + 7q 4 q- 8q 5 + 8q 6 -q- 6q 7 + 4q 8 + 2q 9, 
D6(q)=q+4q 2+9q 3+ 16q 4+24q 5+32q 6+37q 7+38q 8+35q 9
+ 28qlO + 20qll + 12q12 + 6q13 + 2q14 + q15, 
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DT(q) = q + 5q 2 -{- 14q 3 + 30q 4 + 54q 5 + 86q 6 + 123q 7 + 160q 8 + 191q 9 
+ 210q 1° ÷ 214q 11 + 202q 12 + 176q 13 + 141q 14 + 104q 15 
+ 69q 16 +41q 17 + 21q 18 + 9q 19 + 3q 2°, 
Ds(q) = q + 6q 2 + 20q 3 + 50q 4 -+ 104q 5 + 190q 6 + 313q 7 + 473q 8 + 663q 9 
+ 868q 1° + 1068q 11 + 1240q 12 + 1362q 13 + 1417q 14 + 1398q 15 
+ 1307q 16 + 1157q 17 + 968q 18 + 763q 19 + 564q 2° + 388q 21 
+ 247q22 + 143q23 + 74q24 + 33q25 + 12q~6 + 3q27 + q28. 
Looking at the above list very carefully, we observe the spiral property of Dn(q) for 
general n, which implies a conjecture of Chen and Rota concerning the location of the 
maximum coefficient. Note that the coefficients of Dn(q) are not symmetric, hence it 
is not clear that the maximum coefficient should appear in the middle. However, the 
spiral property says that Dn(q) is almost symmetric and the maximum coefficient is 
indeed the center. We shall denote the coefficient of qi in D~(q) by D,,i,  namely, 
(~) 
Dn(q) = ~ D i n, iq • 
i=0 
For notational convenience, we write 
e(n)  = [n(n - 1)/47 . 
Theorem 1 (Spiral Property). The coefficients o f  D , (q )  sat isfy the fo l lowing spiral 
property: 
Dn,~(n) >~ Dn, a(n)+l >1 Dn,~(n)-I >~ On, a(n)+2 >1 Dn,~(n)-2 >1 "" • 
i f  n=4k or 4k + l, (1) 
Dn,~(n) >- Dn,~(n)-I >>- Dn,~(n)+l >I Dn,~(n)-2 >1 Dn,~(n)+2 >1 • " • 
/ fn=4k+2 or 4k+3,  (2) 
where k = O, 1, 2 . . . . .  
The inequalities (1) and (2) can be rewritten as 
Dn,=(n)-r+l >1 Dn,~fn)+r >~ On, a(n)-r i f  n = 4k or 4k + 1, (3) 
D~,.f.)+r-1 ~> Dn,~fn)-~ >>- D.,~(.)+, i f  n = 4k + 2 or 4k + 3, (4) 
where k =- O, 1, 2 . . . . .  r = 1, 2 . . . . .  c~(n). 
Proof. Recall the following recurrence relation for D~(q) [1]: 
On+l(q) = (1 + q +""  + qn)On(q)  + (-1)n+lq("2+~). (5) 
It is observed in [I] that 
the coefficient of q(~) in Dn(q) is nonzero if and only if n is even. (6) 
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Moreover, it follows from Dl(q)= 0 and (5) that 
Dn, o=O if n /> 1, 
D,,1 = 1 if n>~2. 
For n ~< 8, the theorem is easily checked. Assume that it holds for n 
(7) 
(8) 
(n ~> 8), we 
proceed to show that it holds for n + 1. Let us first consider the case when n = 4k. By 
assumption, we have 
D..~(.)-r+l ~> Dn,:,(n)+r >1 Dn,:(n)-r, (9) 
where r = 1, 2 . . . . .  ~(n) (=4k 2 - k). We need to show that 
Dn+ls,(n+l)-r+l >~ Dn+l.c,(n+l)+r >~ Dn+l,a(n+l)-r, (10) 
where r= 1, 2 . . . . .  e (n+ 1) (=4kZ+k).  Comparing coefficients of q~(,+l)-r, q~(n+l)-r+l 
and q~(n+l)+r on both sides of (5), we get 
Dn+l,a(n+l )-r = 
Dn+l,O 
u(n+l )--r a(n)+2k-r 
i=1 i=l 
Z Dn,~(n+l )_r_ i ~-- Dn, ct(n)+2k_r_ i 
i=0 i=0 
if r=~(n+l ) ,  
if ~(n+l )  >r  > a (n+l ) -n -  1, 
if r~<~(n+l ) -n -1 ,  
Dn+l,~(n+l)_r+ 1 
Dn+l,l z Dn, 1 
• (n+l ) - - r+l  ~(n)+2k--r+l 
Z Z 
i=1 i=l 
Z On,~(n+l )_r_i+ 1 ~ Dn, c~(n)+2k_r_i+ 1 
i~O i=0 
if r=c~(n+l ) ,  
if ~(n+l )>r>~(n+l ) -n -1 ,  
if r~<ce(n+l ) -n -1 ,  
and 
Dn+ l,~(n+ l )+r 
Dn+ l,n(n+ l )/2 
a(n+l )--r ~t(n )+ 2k--r 
Z Dn'2~t(n)-i= Z Dn'2o~(n)-i 
i=0 i=0 
° ± 
Z Dn, e(n+l)+r_ i -~- Dn,:~(ni+2k+r_ i 
i=0 i=0 
if r=~(n+l ) ,  
if ~(n+l )>r  >~(n+l ) -n -1 ,  
if r~<~(n+l ) -n -1  
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Thus, the following inequality follows from (6)-(8): 
Dn+l,~(n+l)-r+l >>- Dn+l,~(n+l)+r >>" Dn+l,~(n+t)-r if r : ~(n + 1). 
For ~(n+l )  > r > ~(n+l ) -n -  1 andn1>8,  we have r > 2k. Thus, by (9) we 
are led to the following inequalities 
Dn,2~(n)-i ~ Dn, i, (11)  
for i=  1, 2 . . . . .  ~(n)+2k- r ,  and 
On, i ~ Dn,2~(n)-i+l, (12) 
for i----- 1, 2 . . . . .  ~(n)+2k- r+ 1. Using (11) and (12) we get 
ct(n)+2k-r+l ~(n)+2k-r ~(n)+2k-r 
Z On'iF Z On'2ct(n)-i~ Z On'i' 
i=1 i=0 i=1 
which can be rewritten into the following inequalities for D.+l(q) by the above 
recurrence relations: 
Dn+l,~(n+l)-r+l ~ Dn+l,~(n+l)+r ~ On+l,~(n+l)-r, 
for ~(n + 1) > r > ~(n + 1) - n - 1. Similarly, the following inequalities can be 
verified: 
Dn+l,~(n+l)-r+l >~ Dn+l,~(n+l)+r >~ Dn+l,~(n+l)-r if r ~< ~(n + 1) - n - 1. 
Thus, (10) is verified, namely, the case for n + 1 = 4k + 1 is completed. The other 
cases n = 4k + 1,4k + 2 and 4k + 3 can be dealt with in an analogous manner, hence 
the details are omitted. By induction, the theorem holds in general. [] 
Acknowledgements 
I thank W.Y.C. Chen and L.C. Hsu for their valuable suggestions and generous help. 
References 
[1] W.Y.C. Chen and G.-C. Rota, q-analogs of the inclusion-exclusion principle and permutation with 
restricted position, Discrete Math. 104 (1992) 7-22. 
[2] A.M. Garsia and J.B. Remmel, A combinatorial interpretation f q-derangement and q-Laguerre numbers, 
European J. Combin. 1 (1980) 47-59. 
[3] I. Gessel and C. Reutenauer, Counting permutations with given cycle structure and descent set, J. Combin. 
Theory Ser. A 64 (1993) 189-215. 
[4] M.L. Wachs, On q-derangement numbers, Proc. Amer. Math. Soc. 106 (1989) 273-278. 
[5] X.D. Zhang, On some q-analysis problems in combinatorics, Ph.D. Thesis, Dalian University of 
Technology, 1994. 
